Probability Generating Functional

Ryan M cCorvie*

November 1%, 2017

This is a study of the probability generating functional (p.g.fl.) and related objects, which are
to random measures as the probability generating function is to random variables. The p.g.fl.
uniquely specifies the distribution of a random measure, but its much more amenable to algebraic
and analytical techniques than finite dimensional (fidi) distributions.

1 Laplace transform

A quick review of some Laplace transform facts.

1. Definition (Laplace transform): The Laplace transform of a nonnegative random variable X for
s>0

Lx(s) = B(e™¥) = / e (d)

where p is the law of X, and p[0, z] = P(X g ) For a nonnegative random vector, we generalize
the definition to s € R% to be Lx (s) = E(e=*¥)

For example, for X ~ Poisson(}),

k
/\7 —sk —)\

K
k=0

=exp(Ae™® = \) =exp(A(e™° — 1))

The Laplace transform is essentially the same as the characteristic function ®x(s) = E(e?*¥)
since Lx (s) = ®(—is)). However, for nonnegative random variables, Laplace transforms have the
advantage of being positive, monotone, convex and analytic. We’ll content ourselves with proving
L x is smooth.

2. Claim Lx € C*(0,00). Moreover forn € N and s > 0

dan e
—Lx(s5) = B(X"e %) :/ x"e”" u(dx)
dx™ 0
Proof. Calculate M = foo % =57 1u(dx). However since xe~*/4 — 0 it has a maximum
C >0, so using |e” — 1\ < |z|el®!
—hz __ zs/4
1 h
¢ < e || < Ce*s/? when h < s/4
h I
Therefore dominated convergence yields £'(s fo ’S e %% pu(dx) = fooo xe** u(dx). Repeating
the argument for higher derivatives gives the de51red formula O
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I learned the following argument from [Fel66], not sure what the original paper is. A similar
argument using exponential distributions instead of Poisson distributions is an exercise in [Wil61]

3. Theorem (Inversion formula) If i is the law of X then
1 : NN
ul0,2] = Su(fa}) = lim D7 (~D)FLE ()
k<nx
Proof. Foranyx > 0andn € IN

nk > nu)k
> 0 e = [ 3 e

k<nz ’ k<nzx

k
However the expression ), . (”,f!) e~ is P(Y < nx) where Y ~ Poisson(nu). When z < u then

Var(Y) u
2 n(u-—x)? -0

P(Y < nz) <P(|Y —nu| > n(u — z))

IN

n?(u — x)

A similar argument shows P(Y < nz) — 1 when z > u.
For the case u = x, since Y is infinitely divisible write Y = Y; + - - +Y,, where Y,, ~ Poisson(u)
are i.i.d.. Let Y; := Y, — u be the centered random variable, so that by the central limit theorem

VitotY,
P(Y <nz) =P 2 g
VI

N =

So pointwise the integrand converges to 1,., + %]l{w}. Therefore by dominated convergence
(dominating by 1) the integral becomes the inversion formula. O

4. Corollary (Uniqueness of Laplace transforms) For non-negative random variables or vectors
X,Y we have Lx = Ly ifand only if X ~Y

Proof. If X ~Y, the Laplace transforms are equal by definition. For random variables, if Lx = Ly
then the inversion formula shows they have the same law. For random vectors, we can use the
one-dimensional inversion formula and Wold’s device that s- X ~ s-Y for all s if and only if
X~Y. O

2 Linear Functionals

Basically this follows [DV]07] chapter 9.4, a lot of which comes from [Wes72]. Some of the
same material is also covered in [Kall7] chapter 2.1.

Let (S,S) be a measurable space and let BM(.S) be the set of all bounded measurable functions
with bounded support in S. First we state a sort of probabilistic version of the Reisz representation
theorem, which says that random measures are equivalent to random continuous linear functionals.

5. Claim Let {{;} be a family of random variables indexed by the elements f of BM(S). There
exists a unique random measure £ such that

) &= [ rae
if and only if

(i) Earipg = a5 + B, a.s. for all scalars «, 8 and f,g € BM(S5)
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(i) &y, — &5 a.s. as n — oo for all sequences f,, 1 f pointwise where f, € BM, (S) for all n

Proof. Its clear that (x) implies the conditions from the linearity and monotone convergence
properties of integrals.

Conversely, for A € S define {(A4) = {y(4), the element of the family corresponding to the
indicator function 1 4. Then (i) shows ¢ is additive since 1,5 = 14 + 1y for disjoint A, B € S.
And (ii) shows ¢ is countably additive. For simple functions s = ). a;14,, we can apply (i) to get
& =Y, ai(A;) = [ sd&. For arbitrary measurable functions, (x) follows from (ii) and approximating
by simple functions. Uniqueness follows from lemma 3 in “point process zoo”- finite dimensional dis-
tributions are uniquely specified by the joint distribution of integrals (§f1,...,£fn) = (&5 ---,&5,)

Don’t we need some assumption about positivity to ensure this is a positive measure? Like
&5 > 0 a.s. whenever f > 0. O

Now we use functionals to define a generalization of Laplace transforms suitble for analysis of
random measures.

6. Definition (Laplace functional): The Laplace transform of a random measure £ is given for any
f € BM(5) by

Le[f] = Ble™ /1 %] = Ble~]
Sometimes its useful to employ the conditional Laplace transform with repect to some o-algebra F
Lelf | Fl=E(e™ | F)

in which case L¢[f] = E(L¢[f | F))

7. Lemma (Continuity) Consider a sequence f, with sup,cx |f.(z) — f(z)| — 0 (in other words, f,
converges pointwise uniformly to f in X). Then L[f,] — L[f] if any of the following hold

(i) fn T f pointwise
(ii) & is totally bounded
(iii) there is a bounded Borel set containing the support of every f,

Proof. By condition (i) and monotone convergence, & f,, — £ f for each realization of ¢ and hence
almost surely. Using condition (ii) and bounded convergence we can make a similar argument
since the f,, are uniformly bound by some constant (for large enough n, the functions f, are close
to f which is bounded). If bounded B D supp f,, for all n Using condition (iii) we can consider the
random measure defined by £(A) = £(B N A). This random measure is totally bounded, and also
ffn = ¢ f, since f, = 0 outside of B. So this reduces to case (ii).

In any case, given £f,, — £f alomst surely, bounded convergence implies E(exp(—£f,)) —
FE(exp(£f)), which is the desired result. O

8. Theorem (Laplace Functional Uniqueness) Let A[f] be defined for all f € BM(S). Then A = L;
is the Laplace transform of a random measure £ on S if and only if

(i) For every finite family f1,..., f, € BM,(S) the function A[s1 f1 + -+ + snfn] is the Laplace
transform of some proper random vector (§y,,...,&y,)
(ii) For every sequence fi, fa,--- € BM(S) with f,, 1 f pointwise, A[f,] — A[f]
(i) A(0) =1

Moreover when the conditions are satisfied, the functional £ uniquely determines the distribution
of ¢
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Proof. If A is the Laplace transform of a random measure £ so that A = L¢, then let & :=¢{f, and
note this is a random variable for all f € BM_(S). Then (i) follows from the properties of of Laplace
transforms of random variables, and (ii) follows from lemma 7 and (iii) follows from the definition.
Furthermore, if there is a measure ¢’ such that L/ [f] = A[f] = L¢[f] for all f € BM,(S) then
the fidi distributions (£f1,...,&fn) ~ (¢ f1,...,£ f,) are the same, by the uniqueness of Laplace
transforms of random vectors (theorem 4). But this is a necessary and sufficient condition that
¢ ~ & as random measures.

What remains to show a random measure £ exists so that A = £, whenever (i)-(iii) are satisfied.
Condition (i) implies that the Kolmogorov consistency conditions are satisfied. Specifically, the
sum Y 8; fi = > Sxifr: is invariant under any permutation 7. The marginals are consistent because
A(s1fi1 + - -+ snfn) corresponds to the Laplace transform of a random vector ({¢,,...,&y, ), which
we write as £(5f1 7“_,5fn)(51, ..., 8yn). For consistency we wish to show that

£(5f17~~-»ffn)(517 ceey Sn_h()) = £(5f17..‘75fn71)(81, ey Sn—l)

But this is clearly true because A(s1f1 4+ +8Sn—1fn-1+0-fn) = A(s1fi+: -+ Sn—1fn-1). Therefore
by Komolgorov’s extension theorem, there is a common probability space where the £; are random
variables for all f € BM(S).

Next we will show that f — ¢y is a continuous linear functional, which, by claim 5, implies
that {; = {f for some measure &. For linearity, {;, = a&y, + B&y, iff for all sy, 52, s3 € R4 we have
s1€5, + 8265, + 5365, ~ (814 as3)Ey, + (s2+ Bs3)y, - But this is equivalent to the Laplace transforms
being equal, which occurs only when

A(sifi + s2fa + s3f3) = A((s1 + as3) f1 + (s2 + Bs3) f2)

Now this is certainly true whenever f; = af; + 5 f2 which verifies condition (i) of claim 5.

To show condition (ii) in claim 5, note that when f,, 1 f then {s_; converges in distribution to
0 and hence in probability. But then by linearity, §;, — {; in probability. The linearity of f — &;
and the positivity of the measure implies that &y, is increasing when f,, is increasing. This means
that ¢, converges almost surely to some limit in [0, co]. But since &y, converges in probability the
limit must be ;. O

For point processes, it is sometimes more convenient to consider the following functional which
is an analogue to the probability generating function.

9. Definition (Probability generating functional): For a point process N which is almost surely
finite, and for measurable g > 0, the probability generating functional is given by

Gelh] = Bexp(¢logh) = Ee [ [ h(ax)
k>1

where {z,}.>1 represents a realization of the point process { = >, ¢, and the expectation is
taken over all realizations.

One way to ensure the product is well defined is to restrict h to the class of measurable
functions h : X — (0,1] where h is 1 outside of some compact set. Then any realization of ¢ given
by {zx}r>1 has only finitely points where h(xj) # 1, and also the product is always positive. Note
that G¢[h| = L¢|—logh], and the condition that —logh € BM, (S) is the same as the conditions
above on the range of h. An alternative way to ensure the product exists is that [ |log h(z)| M (dx)
where M is the intensity measure of €.

From the definition its evident that the product h(z;) - - - h(z}) is positive, monotonic and convex
in g for every realization of £, so the p.g.fl. must also be positive, monotonic and convex. There’s a
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variation of theorem 8 for p.g.fl.

10. Theorem Let the functional G[h] be real-valued and defined for all continuous measurable
h : X — (0,1] which is 1 outside of a compact set. Then G is a p.g.fl. of a point process ¢ if and
only if

(i) For every h of the form

= (1—2z)la,(2)
k=1

for bounded disjoint Borel sets Ay, ..., A, and z; € (0,1] the p.g.fl. reduces to the joint p.g.f.
for the integer valued random variables £ Ay,

(ii) for every sequence h,, | h poitwise, G[h,| — G[h] whenever 1 — h has bounded support

(iii) G[1] =

When these conditions are satisfied, the functional G uniquely determines the distribution of £.

3 Moment Measures and Generating Functional Expansions

This follows the development in [LP17] chapter 4 (with the theorems in [Kall7] chapter 1.2
providing context). This material is developed in a much more confusing way in [DV]J03] chapters
5.3, 5.4 and 5.5.

Given a point process £ on S, its easy to define a point process on S" by (" =€ ® - - - ® £. Given
arealization of { =}, .; 05, then a realization of " =3, ycrn O(sy,,....s,,)- HOWever, often it
is more convenient to exclude the diagonal sets.

So given a realization { = ) _._; d,, where the points range over some (countable) index set I
then

5(") — Z 5(51-1,,...,51',,,)

Tl genns in€l
i distinct

iel

Note the s; themselves need not be distinct. However, in the case that ¢ is simple then ¢ =
Lo, s, distinety &'+ Kallenberg calls p(™) the factorial measure [Kall7]. Note that when A;,..., A,
are disjoint then

gn(Al X ... An) = 5(") (Al X X An) = f(Al) T f(An)
When B = A"
(A" =€£(A)"  but  EM(A™) = E(A)(E(A) — 1)+ (E(A) —n+1) =A™

In particular ¢ (”)(A”) = 0 unless A has at least n points in it. As another example, for arbitrary
A,B €S, (A x B) = (A)E(B) but £ (4 x B) = £(A)E(B) — £(AN B).
11. Definition (Moment measures): For measurable B € 8", define

M, (B) =E("(B)) moment measure
M, (B) = E(™(B)) factorial moment measure
Jn(B) = ]E(]l{g(s)zn}g(”) (B)) Janossy measure

These are measures by the linearity and continuity of expectations. When n = 1, M)(B) =
M, (B) = E(£(B)) is just the intensity measure, which we abbreviate as M.
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For a general point process and bounded set B € S we can define the local Janossy measure
Jn, B as the Janossy measure with respect to the restricted process {g(B’) = £(BNB’). For B’ O B,
the local measures J,, p and J, g/ agree on subsets of B", which show that the Janossy measure
really is localized. (This follows from the trivial observation that AN B =ANB' if Ac B c B').

The Janossy measure also provides a sort of probability density function for the point process. In
particualr, if J,, is absolutely continuous with respect to the Lesbegue measure, then its derivative
Jn(z1,...,25) dxy ... dzy is the probability density there is exactly one point at each of {z1,...,2}.
More generally we have

12. Lemma For a partition Ay, ..., A, of S we have

P(EAT =na, ..., AL = ng) = na! - gl T (AT x - x AR
Proof. This follows from taking expectations of the following identity, where n =nqy + --- + ny

/1{551”}1A’f1xm><A:’“ d€™ = ml il Liea g g Ar=ni)

Observe that the integrand on the left is non-zero if and only if the first n; coordinates in a
realization of £(™) are in A;, the next n, in A, and so forth. But, since the A, are a partition of S,
this happens if and only if the realization of ¢ consists of exactly n points, where A contains ny
points. This realization of & corresponds to n;!- - - n;! points in the realization of £(™), permuting
each block of nj; coordinates. O

13. Corollary If¢ and &' are point processes on X whose corresponding local Janossy measures
are equal J,, p = J’ g for each n € IN then the distributions are equal conditional on being finite,
orP(n(B) < oo,n € ) P(n(B) < oo,n' € -). In particular ifn and n/ are finite almost surely, they
have the same distribution iff they have the same Janossy measures.

14. Corollary The Janossy measures satisfy ZZO:O IR

n!

For a random variable, the Taylor expansion of the p.g.f. at 0 is related to the probabilities, and
the Taylor expansion of the p.g.f. at 1 is related to the moments. We have a similar relationship of
the p.g.fl. to Janossy measures and factorial moment measures.

15. Claim (Expansions of the PGFL) We have the following expansions of the p.g.fl. G of a point
process &

752 [ Hseson o
Gll—g —1+Z n,/ Hg o (ds ... ds,)

Proof. Suppose the realization of £ = Y7 | §,, with n points. Then £ = Zpermﬂé(zwh“_,xm),
where the sum is over the set of all permutations. Since the product f(x1)--- f(z,) symmetric with
respect to permutations of the coordinates we have

/. Hfsz yae® = S [ 7w —n'Hfa:Z

perm. 7 ;=1
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and therefore

= 1
expélog f = Z Lie(s)=n) Hf(n) H 7 (s4)

n=0

Taking expectations gives the first expansion.
For the second first note that

[[a-g@n=1+3C1" 3 o)
k=1 7

i=1 1<iy<-<ip<n

Like in the previous case, owing to the symmetry of the product g(s1) - - - g(sx) under permutations,
when £ = > J,, we can rewrite the sum in terms of the factorial measure

k
DY €<")1;[g<wik>= > Hg(xmzs(“)[[lg(si)

1<i1 < <ip<n 1<i1,...,ig<n  k
i1,...,1% distinct

Using this and the fact that & (") = ) whenever the realization of ¢ only has n < n/ points, we get
the identity

00 k
exp€log(l —g) =1+ > (~1)" LW [T o(s0)
k=1 ’ i=1

Taking expectations of both sides gives the second expansion. O

16. Corollary If the moment measures grow slowly enough, say M(S") < nlc®, then the
moment measures uniquely specify the distribution of &

Proof. The expansion converges for g < ¢~!/2 and therefore the p.g.fl. is uniquely determined
given the moment measures. O

17. Claim For a Poisson process directed by A the factorial moment measures are given by
My = A"

Proof. By inspection from the expansion of the p.g.fl. or using the Mecke equation as in [LP17] O

4 Calculations

18. Claim (i) For a Cox process £ driven by n
Gelf [ m] = exp(n(f — 1))
(ii) For a Poisson process with intensity i
Gelf] = exp(u(f — 1))
(iii) For a mixed binomial process

Gelf [ k] = (nf)"
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Proof. (i) As shown earlier, if k ~ Poisson(m) then Es* = exp(m(s — 1)). Therefore if f =
s11la, +---+s,14, is a simple function for disjoint A; and constants s, > 0 and £ is a Poisson
process driven by n

Eexp(&log f) = Eexp Z log spEA, = H EsiA" = H exp(nAi(sy — 1)) = exp(n(f — 1))

k<n k<n k<n

For general f € BM, (X) approximate by simple functions and use monotone convergence.
Conditioning on 7 gives the general result.

(ii) This is a special case of (i)

(iil) Let § = >, J5, where s are iid chosen with law y and n € Z. For any f € BM, (X)

Eexp(£log f) ]EHfSk HEf sg) = (uf)"

k<n k<n

So conditioning on the value of k gives the result.

Does this mean we’ve proved the existence of a Poisson or even Cox process? The standard
construction is just mixed binomial where the number of points has a Poisson distribution, which
is intuitive as a finite number of random variables.

So let’s calculate the p.g.fl. of a shot noise process. In this case ¢ is a Cox process on R where
the intensity measure is given by ), Y;g(« — x;) dz where the z; are Poisson with intensity v and
the Y; are i.i.d. random variables. Therefore by (i)

Gelf | Yi, ;] = exp (Z -Y; /000(1 — flu+2;))g(u) du)

Taking expectations over the Y; and recognizing the p.g.fl. is the product of Laplace transforms of
iid. Y

Gelf | o] H Ly { / (1— flu+a:))g(u) du}
Taking expectations over the x; again using part (i) above

(+) Gelf] = exp </1_,cy Uooou_f(um))g(u) du} y(dx))

Now let’s turn to cluster processes. See [Wes71] for more examples.

19. Claim (i) For a cluster process £ with center process . on S and cluster members ( on T
indexed by S (with a slight abuse of notation) let G. := (¢, be the probability generating
functional of £&. and (again slightly abusing notation, conflating kernels with conditionals) let
G[ | s] := G¢(s,.) be the probability generating functional of 1(s, -). Then

Gelf] = G[G[f | 8]
(ii) IfM(Cn) are the moment measures of the center process and NE”n) are the moment measures of

8
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the clusters, then the first two moment measures of the cluster process are given by
M(A) = / N¥(A) M¢(dx)
s

M) (A x B) = /S N (A x B) M*(dz) + 5 N2 (A)NY(B) M, (da dy)

(iii) For a Poisson cluster process & with cluster center intensity \ and cluster members (, let
G[f | 5] := G¢(s,9[f] be the the probability generating functional of ((s,-). Then

Gelf] = exp(M(G[f | ] = 1)) = exp (/(G[f [s]=1) A(dS))

(iv) For a Neyman-Scott cluster process £ with Poisson cluster process given by intensity A and
with i.i.d clusters members given by a mixed binomial process with parameters x and u. Let
g(s) = E s" be the p.g.f. of k and let 7, be the translation operator so that 7, f(s) = f(s — u).
Then

Gelf) = expM(g(u(raf) — 1)) = exp (— Ji-a([re+s u(dt)> A(dw)

Proof. (i) For a realization of of the cluster process &, = ), ds, we get a realization { = )", &,
where each ¢;, is chosen according to the law ((sy, -). So conditioning on the s, calculate

E(exp&log f | s1,80,...) = E(epofsk log f) = [I B, log f) = [[ GIf | 5]
k k k

However the right hand side equals exp £ log G[f|s]. Taking expectations over the realizations
of ¢ yields the desired result. Note the conditional independence is the key to the above
argument.

(ii) Use the formula for (i), and the moment expansion of the cluster center p.g.fl. G. to get

Gelrj =1+ [

(G1f 1]~ 1) M7(do) + 5 [ (GIF ] 2]~ D(GIS 4]~ 1) My (dody) + ..
S

SZ
Let f =1+ g and insert the moment expansion for the cluster member p.g.fl.
1
Gll4+gla]—1= /Sg(s) N*(ds) + 3 /52 g(s1)g(s2) N(IQ) + ...
Combine terms in powers of g and use Fubini’s theorem to switch the order of integration.
Then we can equate terms in the moment expansion for G¢[1+ g | =] to get the above formulas.

An alternative approach is to note condition on the realization of {. = ), J;, to find

E(¢ | s1,82,...) :EZUSk = ZN“ = /szc(dx)
e

Taking expecations of both sides yields the desired formula. The second moment measure can
be found similarly, where one term correspond to the case that the two points come from a
single cluster and the other term the case they come from two different clusters.

(iii) This is just case (i) with G.[f] = exp(A(f — 1)).



This weeks summary

(iv) This is just case (iii) where G[f | s] = E(u7sf)" = g(u7sf) by claim 18 part (iii) and the
definition of the p.g.f. of .
O

Comparing (iii) to equation (x*) shows that shot noise process also has a cluster representation,
since its p.g.fl. matches the p.g.fl. of a cluster process. Simplifying this example a little, given
a point process ¢ and integrable f, the Cox process with intensity given by [ f(t — u)¢(du) is
equivalent to a cluster process with center £ and clusters given by a Poisson process with mean
(f(t)). I think this is a little surprising!

5 Branching Processes

20. Claim Let £ be a general branching process and let G[f | x] represent the p.g.fl. of the
branching kernel.

(i) Let G,[f | ] p.g.fl. for the point process which represents members of the nth generation of
the branching process starting with a single member at x. Then

Gn+1[f | x] = G[Gn[f | ] ‘ x]

and hence by induction G,,[f | x] = G [f | x], the nth functional iterate of G[f | x].

(ii) Let p(x) represent the probability that a branching process starting at x goes extinct. Then
p(x) = lim,_,o GR[0 | 2] and its the smallest non-negative solution which satisfies the func-
tional equation p(z) = Glp | z].

(iii) Let H,[f | ] represent the p.g.fl. for the point process which contains the points in all the
generations of the branching process up to n starting from a single individual at x. Then

Hyg1[f [ 2] = f(2)G[Hn[f | -] | 2]

If extinction occurs with probability 1, then lim,,_,, H,[f | ] exists and is the p.g.fl. H for
the point process consisting of the points in all the generations. The p.g.fl. H satisfies the
functional equation

H[f [ 2] = f(z)G[H[[ | -]] ]

(iv) Let the factorial moment measures associated with G[- | x] be given by N, fn) and the factorial
moment measures associated with H[- | x| be given by M(C”n). Then the first two factorial
moments satisfy

M®(A) = 6,(A) + / M*(A) N*(ds)
M, (A x B) = /MS B) N*(ds) + 64( /MS ) N”(ds)

+ /S My (A x B) N*(ds) + /S M (A)M(B) Niy (dsy dsa)

Proof. (i) This follows from claim 19 part (i) and the recursive definition of a cluster process.
(ii) If f = 0 then [], f(z;) = 1¢(s)—o- Therefore G, [0 | 2] = P(extinction before nth generation).
Now p;(z) = G[0 | z] > 0 and, so because p.g.fl.’s are monotonic, applying G, [- | ] to both
sides shows p;,11(s) > pn(z) for all n. Since p,, < 1 it must have a pointwise limit p,, 1 p. Taking
limits of the equation in (i) the function must satisfy p(z) = G[p | z]. Why is it the smallest

10
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solution? Something to do with convexity I think, but I can’t think of the generalization of
Galton-Watson. Maybe there are at most two solutions, like in the multitype Galton-Watson
case.

(iii) The nth generation process consists of a (non-random) point at z, plus n — 1 generation
processes rooted at 1, s, ... where the z; are given by the point process associated with G| |
z]. By independence, conditional on the z;, the p.g.fl. H,[f | z,z1,22...] = f(z) [[; Hn-1[f | 4]
and therefore, taking expectations, H,[f | z] = f(x)G[Hn-1[f | -] | =] as desired. Let (;
represent the nth generation of the point process started at x. Then if extinction happens
almost surely, then almost surely there is an n such that ¢, , = (znt1 = (zn2 = ... and
lim H,[f | ] converges almost surely. Call the limit H[f | z]. Taking limits of the functional
equation for H,, gives the functional equation for H.

(iv) Use the formula in (iii) and the factorial moment expansions as in claim 19 part (ii)

O

Let £ be a stationary Poisson branching process whose branching kernel is driven by an
intensity given by n(z, A) = A(A — x). Assume that m = A(S) < 1. Then by the Galton-Watson
theory, exinction happens almost surely since the average number of offspring of each individual is
m < 1.

Because the branching kernel is stationary, the factorial moment measures are stationary,
and M,y (A | ©) = M)(A — (z,2,...,2) | 0). Let M(,) := My,(- | 0). Using part (iv) of claim 20
combined and the fact Poisson factorial moments have the form N (On) = \", we get the following
recursive formulas for the moments.

M(A) / M(A — s) \ds)
=00(A) + AMA) + A« A(A) + A« A= A(A) +
Mio)(A x B) = MADM(B)+ [ May(A = 5.5 = 5)A(ds) = 6o()50(B)

The second expression for M (A) comes by interatively substituting M (A) into its recursive formula.
We can further specialize to the branching process in the Hawkes process where S =R and
A((00,0]) = 0, so there are no offspring before time 0. Let M fR" n)(dx) be the

Laplace transform of the factorial moment measures M, (“”n). Then the prev1ous formulas imply

T e L ) = M@M@) —1
M(u)_1—X(u) M) (w,0) 1— Au+v)

6 Hawkes calculations

A Hawkes process is a cluster process where the cluster center process is a Poisson process
whose intensity is v times the Lesbegue measure, and the clusters the translations of a branching
process with Poisson branching kernel. The branching kernel intensity is given by n(z, A) =
J47(u— z)du where v : R — Ry satisfies y(z) = 0 for + < 0 and m = [; y(z)dz < 0. Its evident
from the definition that the process is stationary. Here are a calculations related to the Hawkes
process, primarily from [HO74].

First note, that since m < 1, Galton-Watson theory says the clusters are almost surely finite. By
lemma 12 in “zoo” this means the process is locally finite. We can use claim 19 and claim 20 and
18 to write the p.g.fl. in terms of the translation operator 7, f(u) = f(u — t)

Gl =exo ([~ wtains] - 1))

— 00
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where H is the p.g.fl. of a cluster starting from 0 which satisfies

Horf] = F(0)exp { |l st dt}

HIf) = lm H,f)

1)

and also
@ #lf= e [ a0 @

The equations are hard to solve, but we can try to tease some information out. When f(z) = sis a
constant, then H becomes the p.g.f. for the total progeny in the Poisson Galton-Watson process. In
theory we can get the interval distributions by solving (2). For example, let 7, (z) be the p.g.f.
for the number of points in the interval [a, b]. This corresponds to H[f] where f =1+ (z — 1)1,
and therefore satisfies the equation

exp { ) (Tlasp-0(z) = DB dt}  a>0
(3) Ty (2) =4 zexp {fob(w[a_tyb_ﬂ () = 1)~(¢) dt} a<0<b
1 b<0

Specializing (3) to a = 0 we can study the cluster distribution itself. This p.g.f. satisfies

b
To,u)(2) = zexp </0 [T0,u—t)(2) — 1] y(2) dt) u>0

In the limit v — oo this becomes the p.g.f. for the total cluster size
7(z) = zexp (m(n(z) — 1))

From this it follows that the mean and variance of the cluster size are 1/(1 —m) and 1/(1 —m)>3.
According to [Lew69] theorem of Lewis for Poisson branching processes says that the number of
points suitably scaled has a normal limit. (I think, I can’t access this paper). In the case of the
equilibrium Hawkes process &

lim &[0, u] —uv/(1 —m)
U—>00 V/(l _m)3

~ Norm(0, 1)

Starting again from (3), the p.g.f. for the equilibrium Hawkes process for the number of events
in [0,!] (or any length ! interval since the process is stationary) is given by

Qi(z) = exp {/_olo [Tt e (2) — 1w dt}

By setting z = 0 we can calculate the survival function for the forward recurrence time of the
Hawkes process.

P(R > 1) = P{no events in [0,!]} = Q;(0)

= exp (-m —w /0 T e0)] dt>

12



Ryan McCorvie

where ¢(y,1) = [, ,4+4(0) so

exp( oy — t,1) — 1] ’y(t)dt) y >0
o= y<O0<y+1
1 y <=l

Next let f(x) = 1j9,](u) then H[f] is the p.g.f. for the total cluster size having length at most x.
In this case (2) becomes

D(z) = P{cluster length < x}
_ Jexp (—m + fOT D(a: — u) ry(u) du) x>0
0 <0

As a final calculation we turn to the moment measures. So using claim 19 and the discussion
after 20

M(A):/S/Au(éo+’y+*y*fy+...)(z+s)dsdx
:/u(1+m+m2+...)dx:|A|1//(1fm)
A

So the first moment measure is the Lesbegue measure times /(1 — m). (The fact the equilibrium
Hawkes process is stationary implies the intensity must be a multiple of the Lesbegue measure).
Its possible to work through an expression for the second moment, but we’ll wait for the next set
of notes on Barlett spectra to do this.
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